Hanspeter Kraft, May 1, 2017

ON THE LIE ALGEBRA OF VECTOR FIELDS OF AFFINE VARIETIES

There is some fundamental work of GRABOWSKI and SIEBERT on the structure
of the Lie algebra of vector fields of an affine variety X, or, more generally, on
the Lie algebra of derivations of an algebra A, see [Gra79] and [Sie96]. A central
question is how much information about X (or A) can be retrieved from this Lie
algebra.

For example, it follows from the work of SEIDENBERG [Sei67] that the singu-
lar locus Xgpg is invariant under all vector fields and that every strict invariant
subvariety is contained in X4, and SIEBERT shows that X is smooth if and only
if Vec(X) is a simple Lie algebra (one implication was proved earlier by JORDAN
in [Jor86]. The main result of [Sie96] is that two normal affine varieties X,Y are
isomorphic if and only if the vector fields are isomorphic as Lie algebras. (The case
of two smooth varieties X,Y goes back to GRABOWSKI.)

The aim of these notes is to explain these notions and to prove some of these re-
sults in the case of an affine variety over an algebraically closed field of characteristic
Zero.

1.1. Vector fields. We start with some basic notions related to vector fields on an
affine variety X. Our base field K is algebraically closed of characteristic zero. We
denote by Vec(X) the Lie algebra of vector fields on X, i.e. Vec(X) = Der(O(X)),
the derivations of the coordinate ring O(X) of X. The vector fields Vec(X) form a
Lie algebra, namely a Lie subalgebra of the linear operators Endy(O(X)): [€,7] :=
€ on—mno&. They also have a structure of an O(X)-module where f - £ is defined
by (f &)z := f(x)&; for x € X. The two structures are interrelated by the formula

& f-nl=&f)-n+f-[&n]

Note that the evaluation map e,: Vec(X) — T, X, €,(§) := &, is an O(X)-module
homomorphism with the obvious O(X)-module structure on 7, X.

In the following, £ C Vec(X) will be an O(X)-Lie subalgebra, i.e. a Lie sub-
algebra which is also an O(X)-submodule. The most interesting case for us is
L = Vec(X), but many results hold in the more general setting. We define some
maps between subsets of £, subsets of O(X) and subsets of X. We use the following
notation for D C £ and F C O(X):

D(F):=((f) | €€ D, f € F)CO(X), the linear span of the images &(f).

Definition 1. (1) For a subset D C L we define the ideal Ip € O(X) of D
and the zero set V(D) C X of D:

Ip = O(X)D(O(X)) C O(X), the ideal generated by D(O(X)),
V(D) :={zxe X |& =0forall £ € D} = Vx(Ip) C X.
(2) For an ideal I C O(X) we set
Lr={€eL|&€O(X) CIICL,
and for a subset Y C X
Ly ={{cL|=0forallycY} =Ly CL

where I(Y) C O(X) is the vanishing ideal of Y.
1
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Remark 1. By definition, £, := L,y is the kernel of the evaluation map ¢,: £ —
T, X and therefore of finite codimension in L. It is easy to see that £, is an O(X)-
Lie subalgebra of £. More generally, £ is an O(X)-Lie subalgebra for every ideal
ICO(C),and I-L C L. We also see that V(D) C X is closed and that

V(Vec(X)) ={r € X |&§ =0 for all { € Vec(X)}
={z € X | Vec(X), = Vec(X)}.

Example 1. The vector fields Vec(A™) of affine n-space A" = K” form a free

O(A™) =Klxy,...,z,]-module generated by 0, ..., 0y, where 0, = a%i:

Vec(A™) = @K[ml, ey X - O,
i=1

It follows that the vector fields generate the tangent space at every point a €
A™ ie. the evaluation map e,: Vec(X) — T,A"™ is surjective for all a« € A™. If
m, C O(A™) denotes the maximal ideal corresponding to a € A™ we see that
Vec(A™), = mg - Vec(A™), and this it is a maximal Lie subalgebra of Vec(A™) of
codimension n. More generally, we have Vec(A™); = I - Vec(A™). Moreover,

Vec(A™)(O(X)) = (€(f) | € € Vec(A"), f € O(A™)) = O(A").
In fact, for every homogeneous f € O(A™) we have n(f) = deg(f)f for the Euler-
field n =21 -0y +---+2pn - Oq,,.
One can show that every maximal strict Lie subalgebra L C Vec(A™) of finite
codimension is equal to Vec(A™), for some a € A™, so that we have a bijection

AR ar»Vec(A"), {proper maximal Lie subalgebras}

L C Vec(A™) of finite codimension

see Theorem 1.

1.2. Invariant subvarieties. We shortly discuss the concept of invariant (or in-
tegral) subvarieties with respect to a given set of vector fields and prove some basic
results.

Definition 2. Let D C Vec(X) be a set of vector fields.
(1) A closed subvariety Y C X is called D-invariant if £(y) € T,Y forally € Y
and all £ € D. We also say that the vector fields £ € D are parallel to Y or

that Y is integral with respect to D.
(2) A subspace W C O(X) is called D-invariant if (W) C W for all £ € D.

Remark 2. If ¢ is a vector field parallel to Y and f a rational function on X defined
in a neighborhood U of y € Y, then &(y)f = &(y)(fluny). In particular, if f is
regular on X, then (£f)ly = &ly (fly)-

Let D C Vec(X) be a set of vector fields.

Lemma 1. IfI(Y) C O(X) denotes the vanishing ideal of Y, then'Y is D-invariant
if and only if I(Y') is D-invariant.

Proof. If f € I(Y), then, fory € Y, (£f)(y) = &(y)f = &(y)fly = 0, hence {f €
I(Y). Conversely, if £(I(Y)) C I(Y), then £ induces a derivation of O(X)/I(Y) =
O(Y), and the claim follows. O
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For a closed subvariety Y C X we can define the Lie subalgebra of the vector
fields on X parallel to Y:

Vecy (X) := {£ € Vec(X) | £(y) € T,)Y for all y € Y} C Vec(X).
We get a homomorphism of Lie algebras
p: Vecy (X) = Vec(Y), &= ¢y,

whose kernel consists of the vector fields on X vanishing on Y. This map is surjective
if X is a vector space, but not in general as one can see from Example 5 below.

Lemma 2. Let X C A™ be a closed subvariety. Denote by 9; € Vec(X) the images
of the 0., and by T; € O(X) the images of the x;. Then we have an embedding

Vec(X) = O(X)", &€= (£(T1),...,&(Tn)).
In particular, every vector field £ € Vec(X) has a uniquely defined representation

€= f101+ -+ fu0On with f; € O(X). Moreover, Vec(X) is a torsion-free O(X)-
module.

Proof. We have mentioned above that Vecx (A™) — Vec(X) is surjective, i.e. every
vector field £ of X has the form & = f101 + -+ + f,0, with f; € O(X). This
representation is unique, because f; = £(Z;). The last statement is clear. [l

Remark 3. Tt is in general not true that for a closed subvariety Y C X the induced
surjective homomorphism O(Y) ®o(x) Vecy (X) — Vec(Y) is an isomorphism. An
example will be given below, see Example 2.

The following lemma can be found in [GK17, Lemma 2.5]. It is essentially due
to SEIDENBERG [Sei67].

Lemma 3. Let D C Vec(X) be a set of vector fields.
(1) Sums and intersections of D-invariant ideals are D-invariant.
(2) If I € O(X) is a D-invariant ideal, then so is /1.
(3) If YA € X, A€ A, are D-invariant closed subvarieties, then so is [z Y.
(4) If the closed subvariety Y C X is D-invariant, then every irreducible com-
ponent of Y is D-invariant.

Proof. (1) is clear, and (3) follows from (1) and (2).

(2) It suffices to show that if f™ = 0, then (£f)™ = 0 for some m > 0. Let ¢g > 0
be the minimal e such that there exists a ¢ > 0 with f¢- (£f)2 = 0. If ¢g = 0, we
are done. So assume that eg > 0. Then

0=&(f (ENT)-&f =eof " (€N +af (ENHT-Ef =eof " (€N)T,

contradicting the minimality of eq.

(4) It suffices to consider the case where Y = X, hence (0) = p1N...Nps where the
p; are the minimal primes of O(X). For every i choose an element p; € ();_; p; \ ps-
Then p; = {p € O(X) | p;p = 0}, and the same holds for every power of p;. For
every p € p; we find

0 = pi&(pip) = pi(pilp + PEp;) = pIép,
hence £(p) € p;. U
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Example 2. Consider the cuspidal curve C' := V(y? — 23) C K2. Then one shows
that Vec(C) is generated, as an O(C)-module, by 279, + 339, and 250, + 3720,,.
Thus all vector fields vanish in the origin: V(Vec(C')) = {(0,0)}. One also sees that
the canonical homomorphism O(C) @k, Vece(A?) — Vec(C) is surjective, but
has a non-trivial kernel.

(In fact, the vector fields & := 220, + 3ydy,n := 2yd, + 3229, € Vecc(A?) generate
Veco(A?) as an K[z, y]-module. Then § ® £ — 2 @ n € O(C) @ky,y Veco(A?) is a
nonzero element from the kernel.)

z,y]

Example 3. Let X be an arbitrary affine variety. Then the constant vector field
0, parallel to A has no zeroes, hence V(Vec(X x Al)) = (). More generally, if the
vector fields on Y have no zeroes, then the same is true for the vector fields on
X x Y for any X, because any vector field £ on Y defines a vector field on X x Y

by {(f @ h) == f@&(h).
Example 4. For the normal surface S := V(2?2 + 3% + 2?) C K? with an isolated
singularity in 0 we find that Vec(S) is generated, as an O(S)-module, by

§1 =90, — jaya & =20, — T0,, &3:= Zay - y0.,

with the relation z&; — g&s + €5 = 0. It follows that all vector fields vanish in the
singular point 0, and the Vec(S) becomes a free module of rank 2 over the open
sets Sz, Sy and S,.

Example 5. Consider the Whitney umbrella Y := V(2? —y?z) C K3. The singular
locus Yying = Vy (%, 7) is the z-axis, and the vector fields are generated, as an O(Y')-
module, by

G0, — 220,, %0, +220,, Y20y + 10y, T Op + 270,.

They are all parallel to Yy;,,, and they all vanish in the origin. Thus Y, is invariant
(see Proposition 2 from the next section), and one finds V(Vec(Y)) = {0}. This
shows that the vector field 0, of the singular locus Y;pg > A" cannot be lifted to a
vector field on Y, i.e. the restriction map Vecy,,, (Y) — Vec(Ysing) is not surjective.

sing

1.3. Vector fields and singularities. A first important result due to SEIDEN-
BERG says that the singular locus of an affine variety is invariant under all vector
fields, and that every invariant subvariety is contained in the singular locus.

Lemma 4. Let X be an affine variety.
(1) If f € O(X) is a nonzero element, then we have an isomorphism
O(Xy) ®o(x) Vec(X) = Vec(Xy).
(2) If X is irreducible, then Vec(X) is a torsion-free O(X)-module of rank equal
to dim X.
(3) If X is smooth, then Vec(X) is a projective O(X)-module.
(4) If x € X is a smooth point, then e,: Vec(X) — T, X is surjective.
Proof. (1) This follows from the universal properties of Der(R) and of the localiza-

tion R¢. The details are well-known and left to the reader.

(2) Denote by K the field of fractions of O(X). Then K ®¢(x) Der(O(X)) ~
Der(K), and the latter is known to be a free K-module of rank tdegy K = dim X.

(3) Denote by p: TX — X the tangent bundle. This is defined for any (affine) va-
riety, and the sections of p are exactly the vector fields, see [Kral6, Appendix A.4.5].
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If X is smooth, then TX — X is a vector bundle, and so the O(X)-module of sec-
tions is projective.

(4) If f € O(X) is nonzero in z € X, then €,: Vec(X) — T, X has the same
image as e5: Vec(Xy) — T, X. Localizing with a suitable f € O(X), f(x) # 0, we
can therefore assume that X is smooth and that the vector bundle TX — X is
trivial, i.e. the O(X)-module Vec(X) is free. Then the claim is clear. O

This has the following consequence.

Proposition 1. If a strict closed subvariety Y g X is invariant under all vector
fields £ € Vec(X), then Y C Xgng.

Proof. We can assume that Y is irreducible (Lemma 3(4)). If Y & X4, then there
is an open dense subset U C Y consisting of points which are smooth in Y and
smooth in X. For these points y € U we have T,)Y g T,X, contradicting the fact
that the vector fields & € Vec(X) span the tangent space T, X in every smooth
point € X (Lemma 4(4)). O

The following result is due to SEIDENBERG, see [Sei67].

Proposition 2. For an affine variety X, the singular locus Xgng is tnvariant un-
der all vector fields.

We give a proof following SIEBERT, see [Sie96, Lemma 4 and Remark 3]. We
start with the following lemma.

Lemma 5. Let I = (f1,..., fm) C Klz1,...,2,] be an ideal, and let £ € Vec(A™)
be a vector field such that §(I) C I. Let J, C K[z1,...,x,] be the ideal generated

by I and all r-minors of the Jacobian matriz (gf) . Then J, is &-invariant.
J Z,J

Proof. If A, B are two r x r-matrices we define by d(A, B) := Y_._, det A; where
A; is obtained from A by replacing the ith row by the ith row of B. We have
d(A,B) = Z;Zl det A7 where A7 is obtained from A by replacing the jth column
by the j-column of B. In fact, writing det A as an alternating some of monomials
m = G14,82j, - - - Arj,, then d(A, B) is obtained by replacing each m with the sum
of r terms obtained by replacing successively each a;j, by b;j,. Clearly, d(A, B) is
linear in B.

Now let d € K[z1,...,x,] be a r-minor of the Jacobian matrix (2551 ) B
0.
Ofmy .. Ofmy
0T, 0T, of, .
d=det M where M = = (fm") .
Ofm, ... Ofm, ax”i i,j=1,...,7
az"l aznr

For the vector field £ = >, gr0r we get £(d) = d(M,&(M)) where the entries of
§(M) ave §(3224) = €D, (fn,))- We have

£0;(1)) = 05 (&(£:)) — 0;(&)(f:) where 9;(€) :="Y _ 9;(gr)k.

k
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so that (M) = N’ — N” with N’ := (8, (g(fnli)))i’j and N” := (On, (§)(fm,))
Note that £(f;) € I, hence &(f;) = > hix fx, and so

05

0;(&(f:)) =D 0(haw) fr + > hiwd; (fr)-
k=1 k=1
Thus N’ is of the form N’ = Ny + ), N; where the entries of Ny are in I
and the entries of N;, are of the form A, 10, (fk). It follows that d(M, No) € I

and d(M, Ny) € J,. In fact, the ith row of Ny is hp, i( Of . Ofw ) and so

0T, ? ? O,
d(M,Nj])) =", hm,d; where each d} is an r-minor of the jacoi)ian. By the linear-
ity this shows that d(M,N’) € J,.

The argument for the second term is similar, but we have to replace the rows by
columns. We have

0;(&)(f:) =D 05(gw)0k(fo),
k

and so N” = 37, N;' where the entries of N}/ are 0, (gx)Ok(fm,). Therefore, the
jth column of N is 8y, (g1) (%2t 2o )t and so d(M, Nf') = 32, 8, (1) d]

8a:k ? ’ 8ajk
where each d is an r-minor of the jacobian. Hence, by linearity, d(M, N") € J,,

and the claim follows. O

Proof of Proposition 2. (1) Let X be irreducible of dimension d = dim X. Fix an
embedding X C A", and let I(X) = (f1,..., fm) C K[z1,...,2,]. Then X, is
the zero locus of the ideal J generated by I(X) and the n — d + 1-minors of the
Jacobian matrix (gfj) . The previous lemma shows that J is invariant under

J
all vector fields £ € Vec(A™) such that £(I(X)) C I(X). Hence, Xy is invariant

under all vector fields of X, because Vecx (A™) — Vec(X) is surjective.

(2) If X is reducible and X = J, X (k) is the decomposition into irreducible
components, then Xny = U, ngrzg U Uiz X0 1 x0Tt follows from (1) and
Lemma 3 that each member of this union is invariant under Vec(X), hence the
claim. g

Remark 4. The invariance of the singular locus implies that the Lie algebra Vec(X)
of a singular variety X is not simple, as shown by SIEBERT. In fact, for [ :=
I(Xsing) C O(X) and for any k > 1 the vector fields L. are ideals, because I* is
Vec(X)-invariant. Since (), L;» = {0}, we have L;x # Vec(X) for a large enough
k, hence the claim.

On the other hand, JORDAN showed in [Jor86] that if Vec(X) is not a simple Lie
algebra, then there exists an invariant subvariety Y S X, hence X is singular by

=
Proposition 1. We will prove this below, following an idea of SIEBERT.

Proposition 3 (SIEBERT, [Sie96, Proposition 1]). The Lie algebra Vec(X) is sim-
ple if and only if X is smooth.

Proof. Let M C Vec(X) be a proper nonzero Lie ideal. Then we find a nonzero
O(X)-Lie ideal M’ C M of Vec(X) by Lemma 9 from section 1.5 below. It follows
that the ideal I := M'(O(X)) = (¢(f) | £ € M', f € O(X)) C O(X) is invariant.
In fact, for 6 € Vec(X), £ € M' and f € O(X) we get

3(8(f)) = [6,€1(f) + £(6(f)) € M'(O(X)).



7

Clearly, I # (0), and we claim that I # O(X). Otherwise, we have 1 = ", &; f; for
some & € M’ and f; € O(X). But this implies for all § € Vec(X) that

672& fi afzgz,fz Zfz &,0] € M',

contradicting the fact that M' & Vec( ). Hence, the zero set of I is a proper
invariant subvariety of X, and the claim follows from Proposition 1. O

1.4. A Galois-correspondence. We shortly describe a Galois-correspondence be-
tween ideals in the coordinate ring O(X) and O(X)-Lie subalgebras of the vector
fields. It turns out that this correspondence restricts to a correspondence between
invariant ideals in O(X) and O(X)-Lie ideals.

Assume again that £ C Vec(X) an O(X)-Lie subalgebra. Recall that Ly := {{ €
L]&(0O(X)) C I} CLfor an ideal I C O(X). We thus get a map

®: {ideals in O(X)} ——= ElaiN {O(X)-Lie subalgebras of L}.
Note that ®(0) = L) = (0) and ®(O(X)) = Lo(x) = L. There is also a map in
the other direction, namely

U: {O(X)-Lie subalgebras of L} ——= {ideals in O(X)}
where 7, := O(X)L(O(X)) € O(X). Here we get ¥(0) = Z) = (0), whereas
V(O(X)) =Zox) € O(X) can be a proper ideal.

The following lemma is easy. It shows that ® and ¥ define a Galois correspon-

dence between the ideals in O(X) and the O(X)-Lie subalgebras of L.

Lemma 6. (1) If I C J are ideals in O(X), then L1 CL;. If ZCY C X are
closed subvarieties, then Lz O Ly .
(2) If L C M are O(X)-Lie subalgebras of L, then Iy, C Iyy.
(3) For an ideal I C O(X) we have Iz, C I, with equality if [ =17,.
(4) For an O(X)-Lie subalgebra L we have L C Lz, , with equality if L = L.

Thus we obtain a Galois correspondence

L>—>IL

O: I—Lr
{ideals of O(X)} ﬁ {O(X)-Lie subalgebras of L}
IpL:T

where ® and ¥ induce bijections between the images of ® and of V.

Proof. (1) and (2) are clear.

The first part of (3) follows from L(O(X)) C Zr, and the first part of (4) from
Li(OX))CI.

For L = L we have that L C Lz, by (3),and Zp, C I by (4), and so L7, C L; =
L by (1), and the second claim of (3) follows. The second claim of (4) is obtained
in a similar way. O

The next lemma shows that the Galois correspondence above restricts to a Galois
correspondence

b: I—Lg
{£-invariant ideals of O(X)} Z Z {O(X)-Lie ideals of £}
LW
Lemma 7. (1) If L C L is an O(X)-Lie ideal, then T, C O(X) is an L-
invariant ideal.



(2) If I C O(X) is an L-invariant ideal, then L5 C L is an O(X)-Lie ideal.

Proof. (1) Let f € I, and § € L. We have to show that §(f) € Zr. By definition,
f=>&(fi) for some & € L and f; € O(X). Hence

6(f) = 25(5102)) = Z[&&](fi) + Zﬁz((;(fz)) € L(O(X)) = 1.

(2) Let 6 € £ and € € L. Then

[0,61(F) = 0(6(f)) —€(6(f)) e I
for every f € O(X), hence [4,¢] € L;. O

1.5. The Fundamental Lemma. In this section we prove a kind of “Nullstel-
lensatz”, namely a relation between maximal Lie subalgebras of the vector fields
and the points of the variety X. A central result is the following lemma which is a
variation of results due to GRABOWSKI (see [GraT79]).

Fundamental Lemma. Let £ C Vec(X) be O(X)-Lie subalgebra, and let L C L
be a mazimal proper Lie subalgebra of finite codimension. Set I := {f € O(X) |
f+ L C L}. Then we have the following.

(1) I #(0), and I is L-invariant.

(2) If V(I) C X is not L-invariant, then I is a mazimal ideal m, and L = L.

(3) If L, # L for some x € X, then L, is a proper mazimal Lie subalgebra.

Proof. (1) Setting L' :== {§ € L | [, L] C L}, the following Lemma 8 shows that for

§,f -6 € L' we have §(f)? € I. Since L' C £ has finite codimension, it follows that

for every & € L the subspace {f € O(X) | f-& € L} C O(X) has finite codimension.

On the other hand, ker§é C O(X) has infinite codimension if £ # 0, because the

image contains with £(f) the span (f"¢(f) | n € N). Therefore, for every £ € L',

€ #0, there is an f € O(X) such that &, f - £ € L' and £(f) # 0. Hence, I # (0).
For £ € £L,0 € L and f € I we have

[0,f-&=6(f)-&+f-[6,& €L,
showing that 6(f)- L C L, hence §(f) € I for all § € L and f € I. This means that
I is an L-invariant ideal.

(2) Tt follows from (1) and Lemma 3 that /T is L-invariant, as well as every
minimal prime p DO I. Hence

LCL(I):={¢ e L&I) ST C L) C L(p).

Since /T is not L-invariant, we have L(p) # L for at least one of the minimal
primes p D I, and so L = L(p), because L is maximal. This implies that I is the
annihilator of the O(X)-module £/L(p). Since the latter is finite dimensional, we
see that I C O(X) has finite codimension, and so p is a maximal ideal, p = m,.
But then £(m,) = L., because O(X) = K@ m,, and so L = L, as claimed.

(3) Assume that £, C L ;Cé L. Then the ideal I is equal to m,, because m, L C L,
and so L = L. [l

The next lemma is formulated in [Sie96, Lemma 1] and is contributed to [Ame75].
We will give a short proof.
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Lemma 8. Let £ C Vec(X) be O(X)-Lie subalgebra, and let L C L be a Lie
subalgebra. Set L' == {§ € L | [6,L] C L}. If 6 € L' and f -6 € L' for some
feO(X), then6(f)*-LCL
Proof. Let 4, f -6 € L'. Then, for any £ € L, we get

[f-0.8l=f-[6,€] -¢&(f)-6€L and
hence
(%) 6(f)-§+&(f)-d €L
Substituting in (x) £ by £(f) - 0 we get 25(f)E(f) - 0 € L, and substituting £ by
5(f) - & we find 6(f)%- €+ &(f)0(f) -0 € L. Thus 6(f)*- € € L. O

The lemma has another consequence which we used earlier in the proof of Propo-
sition 3.

Lemma 9. A nonzero Lie ideal of L contains a nonzero O(X)-Lie ideal.

Proof. Let M C L be a Lie ideal.

(a) We first claim that the maximal O(X)-submodule M’ C M is a Lie ideal. In
fact, if f € O(X), d € M’ and € € L, we get

f80] =16 18] —&(f)-6 €M,
hence [€,0] € M'.

(b) Now consider the ideal I := {f € O(X) | f-£ C M}. If I # 0, then
I-L£ C M is anontrivial O(X)-submodul, and the claim follows by (a). For § € M
and f € O(X) we have §(f) -6 =[5, f - 6] € M, hence §(5(f))? € I by Lemma 8.
Choosing an embedding X C A™ and setting 6 = >, g;0;, we find 6(z;) = g;. If
5(gi) # 0, we are done. If §(g;) = 0, then §(z?) = g2, and we are also done. O

1.6. Reconstructing points from Vec(X). Here we will show that one can re-
construct the smooth points of a variety X from the vector fields using only the
Lie algebra structure of Vec(X).

If L C £ is a Lie subalgebra we denote by LI*®! C L the maximal Lie ideal of £
contained in L. This notion has the following geometric interpretation.

Proposition 4. (1) If L is an O(X)-Lie subalgebra, then LI>! is an O(X)-Lie
ideal of L.
(2) LetY C X be an irreducible closed subvariety, and let Z C X be the smallest

closed L-invariant subvariety containing Y. Then ngo] =Ly

Proof. (1) If M C L is an ideal, then O(X) - M is also an ideal. In fact, for § € L,
pw€ M and f e O(X) we get
[0.f -1l =0(f)-p+[f-[0,u] € OX)- M.
(2) Since Zp, = I(Y) is a prime ideal, we have IE[YOO] - \/IT[YO.@ C I(Y). More-
over, \/ITgfo] = I(Z") where Z' DY is an L-invariant closed subvariety of X, hence
Z C Z'. It follows that

£§O] < ﬁzﬁ[mJ

Y

CLz CLz CLy,
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and so Lgﬁo} = Lz, because of the maximality of Lgfo]. O

Corollary 1. Assume that X is irreducible, and let x € X.
(1) If L, # L, then ££§’°] has infinite codimension.
(2) If x is a smooth point of X, then el = (0).
(3) If & € Xuing and Ly # L, then L £ (0).
(4) Let L C L be a proper maximal Lie subalgebra different from L, for any
x € X. Then LIl &£ (0).

Proof. Denote by Z C X the smallest L-invariant subvariety containing z. Then
E;[coo} = Lz by the proposition above.

(1) Since there are vector fields in £ which do not vanish in z, we see that dim Z >
1. Since L/Lz is an O(Z)-Lie subalgebra of Vec(Z), it has infinite dimension.

(2) If z € X is a smooth point, then Z = X by Proposition 1 from the next
section. Hence £ = £ = (0).

(3) If & € Xying, then Z C Xyng G X and so L5 = £, D L, # (0).

(4) Define I := {f € O(X) | f- £ C L}. It follows from Lemma 1.5 that I is a
nonzero ideal of O(X) and that /T is L-invariant. Then there is an m > 1 such
that J := (v/I)™ C I. Since .J is L-invariant it follows that J - £ C L is a nonzero
O(X)-Lie ideal, hence L[> = (0). In fact, for 6,& € £ and f € J we have

[0,f-&]=6(f)-&+f-16¢ €] L,

hence the claim. O

We now show how one can reconstruct the (smooth) points of X from the Lie
algebra Vec(X).

Theorem 1. (1) Assume that X does not contain a proper L-invariant subva-

riety. Then the map x — L, gives a bijection
X ~ Max(L) = {proper mazimal Lie subalgebmés}7

L C L of finite codimension
(2) If X is irreducible, then the map x — Vec(X), defines a bijection

X\ Xying —» Maxg(Vec(X)) := {proper mazimal Lie subalgebras L C Vec(X)}

of finite codimension such that L> = (0)

Proof. (1) Since L(O(X)) = O(X) we see that L, is a proper Lie subalgebra of
finite codimension. The Fundamental Lemma implies that £, is maximal for any
x € X, and that every maximal proper Lie subalgebra is of this form.

(2) Set £ := Vec(X). If z € X is a smooth point, then £, # £ (Lemma 4(4)),
hence is a maximal proper Lie subalgebra by the Fundamental Lemma, and z:&‘”] =
(0) by Corollary 1(2). Hence, the map = — L, sends the smooth point into

Maxg(Vec(X)).
Now let L € Maxg(Vec(X)). Then part (3) and (4) of Corollary 1 imply that
L = L, for a smooth point z € X. O

In [Sie96] there are several variants of the theorem above. For example, it was
already shown by GRABOWSKI that (1) holds under the more general assumption
that £ has no zeroes. An example of such a variety is X := C' x Al where C =
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V(y?—x3) C K2, see Example 3. In fact, the vector field 9, does not vanish anywhere
on the singular locus Xging = {(0,0)} x AL

1.7. Regular functions. In this last section we define regular functions on the set
of maximal proper Lie subalgebras of Vec(X) using only the Lie algebra structure of
Vec(X). With the relation between points of X and maximal proper Lie subalgebras
proved in the previous section, we then show that for a normal variety X, these
functions coincide with the regular functions on X. This implies that a normal
affine variety X is determined, up to isomorphism, by the Lie algebra Vec(X).

From now on we assume that X is irreducible. Consider the open dense set
X' := X\ Xing of smooth points of X. We have seen in Theorem 1(2) that there is
a bijection X’ = Mx := Maxg(Vec(X)), given by z +— L,. Note that Nremy L=
(0), because any £ from the intersection vanishes on X', hence on X.

Definition 3. A K-valued function f: Mx — K is called regular if the following
holds:

For every 6 € Vec(X) there is a pu € Vec(X) such that f(L)d — p € L for all
LeMgx.

We denote by R(Mx) the set of regular functions on M.

Proposition 5. (1) The set R(Mx) is K-algebra.
(2) L is stable under R(Mx).
(3) R(Mx) contains O(X) and consists of rational functions defined on X'.
(4) If codimx Xging > 2, then R(Mx) is a finite extension of O(X).

Proof. Set L := Vec(X).

(1) Let f1, fa € R(Mx) and 6 € L. Then there exist pq, 2 such that f;(L)d —
wi € L for all L € Mx, i =1,2. Therefore, (¢1f1 + caf2)(L)d — (c1p11 + cop2) € L,
hence c; f1 + ca fa € R(Mx). There exists also usz € £ such that fo(L)us —pus € L,
hence (f1f2)(L)0 — ps = f2(L)(f1(L)6 — pa) + (fo(L)pr — p3) € L, and so fifs €
R(Mx).

(2) For f € R(Mx) define f -0 := p if f(L)0 —p € L for all L € Mx. This is
well-defined, because (¢, L = {0}.

(3) For f € O(X), z € X' and L = L, € Mx we define f(L) := f(z). This is a
regular function on Mx. In fact, if 6 € £ and p := f -, then f(x)d, = p, for all
x € X,and so f(Ly)d —pu € L, for z € X'

We fix an embedding X C K", so that every vector field £ € Vec(X) can be
written as £ = .., ¢;0; with uniquely defined f; € O(X) (see Lemma 2). If
fL)d —pe L for all L € Mx and if we write 6 = > ¢;0; and p = > h;0;, then

f(L2)gi —hi = (f(Ly)d — p)(7;) € my, for z € X/,
ie. f= % is a rational function on X which has no poles on X’.

(4) If codimx X \ X’ > 2 and if X — X is the normalization, then the pullback 7
of a rational function r on X with no poles on X’ is regular. Hence R(Mx) C O(X),
and thus is a finite extension of O(X). O

As a consequence we get the following result due to SIEBERT [Sie96, Corollary 3].

Theorem 2. Let X,Y be normal affine varieties. If there is an isomorphism
Vec(X) =5 Vec(Y) of Lie algebras, then X ~Y as varieties.
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Proof. The isomorphism Vec(X) =+ Vec(Y) of Lie algebras induces a bijection
©: Mx = Maxg(Vec(X)) = My = Maxg(Vec(Y)). The definition of regular
functions above shows that ¢ induces an isomorphism ¢*: R(My) =+ R(Mx) of
K-algebras. Now it follows from part (3) and (4) of Proposition 5 that R(Mx) =
O(X) and R(My) = O(Y), and the claim follows. O

Remark 5. It follows from the construction and the proof above that for normal
varieties X, Y every isomorphism Vec(X) = Vec(Y) of Lie algebras is induced by
an isomorphism X = Y.
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